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We can rewrite the Kummer condition in terms of the Galois
group and its action on L.
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The Kummer extensions of K are the radical ones

L:K(ﬁaam)v CHEK-

We can rewrite the Kummer condition in terms of the Galois
group and its action on L.

Now, if L/K is an H-Galois extension, one can follow the style
of that definition to define an H-Kummer condition.
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Let n € Z-( and let K be a field with char(K) { n.

Definition

A field Galois extension L/K is Kummer if {, € K and the
Galois group G is abelian of exponent dividing n.

The Kummer extensions of K are the radical ones

L=K(Vay,...,vak), ¢(neK.
We can rewrite the Kummer condition in terms of the Galois
group and its action on L.

Now, if L/K is an H-Galois extension, one can follow the style
of that definition to define an H-Kummer condition.

From this new perspective, we can study many extensions for
which ¢, ¢ K and translate results as the one above to this new
setting.
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Let n € Z-( and let K be a field with char(K) { nand ¢, € K.
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The cyclic extensions of K are the simple radical ones:

L=K(Va), acK*/(K*)".

Let L/K be a cyclic degree n extension with group G.

Let o = V/a (in particular L = K(«)).
The conjugates of a are «, (pa, . . . ,gn*1a.

Then for each o € G there is a unique 0 < i, < n— 1 such that

o(a) = Cha.
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Let n € Z-( and let K be a field with char(K) { nand ¢, € K.

Proposition

The cyclic extensions of K are the simple radical ones:

L=K(Va), acK*/(K*)".

Let L/K be a cyclic degree n extension with group G.

Let o = V/a (in particular L = K(«)).
The conjugates of a are «, (pa, . . . ,C,ﬂa.

Then for each o € G there is a unique 0 < i, < n— 1 such that
o(a) = Cha.

The element « is an eigenvector of all the automorphisms
in G. We call it a G-eigenvector.
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Proposition

Let L/K be a Galois extension with group G. Then L/K admits
some primitive element which is a G-eigenvector if and only if
¢(n € KandL/K is cyclic.
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Proposition

Let L/K be a Galois extension with group G. Then L/K admits
some primitive element which is a G-eigenvector if and only if
¢(n € KandL/K is cyclic.

If L = K(+/a) is such an extension, a primitive element which is
a G-eigenvector is a = V/a.
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Proposition

Let L/K be a Galois extension with group G. Then L/K admits
some primitive element which is a G-eigenvector if and only if
¢(n € KandL/K is cyclic.

If L = K(+/a) is such an extension, a primitive element which is
a G-eigenvector is a = V/a.

This characterization can be extended to arbitrary Kummer
extensions.
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Proposition

Let L/K be a Galois extension with group G. Then L/K admits
some primitive element which is a G-eigenvector if and only if
¢(n € KandL/K is cyclic.

If L = K(+/a) is such an extension, a primitive element which is
a G-eigenvector is a = V/a.

This characterization can be extended to arbitrary Kummer
extensions.

Idea: Any Kummer extension can be described as a
compositum of cyclic extensions and the eigenvectors property
lifts in compositums.

Daniel Gil Muiioz Kummer theory for Hopf-Galois extensions



Let L;/K be a Galois extension with group Gj, i € {1,2}. Then
LiLy/K is a Galois extension with group G — Gy x Go.
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Let L;/K be a Galois extension with group Gj, i € {1,2}. Then
LiLy/K is a Galois extension with group G — Gy x Go.

Proposition

If o« is a Gj-eigenvector fori € {1,2}, then ayaz is a
G-eigenvector.

Let L/K be a Galois extension of K with group G. Then, L/K
admits some finite generating set of G-eigenvectors if and only
if(n € K and L/K is Kummer.

If L= K(/ai,...,/ak) is such an extension, a finite generating
set of G-eigenvectors is {/ay, ..., V/ax}-
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Definition

Let L/K be an H-Galois extension. We say thata € L is an
H-eigenvector if for every h € H there is some \(h) € K such
that

h-a = \h)a.
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Definition

Let L/K be an H-Galois extension. We say thata € L is an
H-eigenvector if for every h € H there is some \(h) € K such
that

h-a = \h)a.

The previous result says that a Galois extension L/K with

(n € K is Kummer if and only if it admits some finite generating
set of H.-eigenvectors, where H, is the classical Galois
structure on L/K.
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Definition

Let L/K be an H-Galois extension. We say thata € L is an
H-eigenvector if for every h € H there is some \(h) € K such
that

h-a = \h)a.

The previous result says that a Galois extension L/K with

(n € K is Kummer if and only if it admits some finite generating
set of H.-eigenvectors, where H, is the classical Galois
structure on L/K.

Definition

We say that an H-Galois extension L/K is H-Kummer if it
admits some finite generating set of H-eigenvectors.

Daniel Gil Muiioz Kummer theory for Hopf-Galois extensions



INTRODUCTION

It is well known that adjoining w= \‘/E to Q does not give a Galois
extension of @, i.e., there is no set of automorphisms of Q(w) whose set of
commeon fixed elements is precisely @. However, one can define the follow-
ing linear maps s, ¢ from Q(w) to itsell by

cl)=1,  cw)=—tv, w)=-l?

s(1)=0, slw)=iw, s(w?)= —dw?,

Figure: C. Greither, B. Pareigis (1986)
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It is well known that adjoining w= \‘/E to Q does not give a Galois
extension of @, i.e., there is no set of automorphisms of Q(w) whose set of
commeon fixed elements is precisely @. However, one can define the follow-
ing linear maps s, ¢ from Q(w) to itsell by

cl)=1,  cw)=—tv, w)=-l?

s(1)=0, slw)=iw, s(w?)= —dw?,
Figure: C. Greither, B. Pareigis (1986)

The extension L = Q(w) admits a unique Hopf-Galois structure
H. A basis of the underlying Hopf algebra can be written as
{1d, c, s}.
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It is well known that adjoining w= \ﬁ to Q does not give a Galois
extension of @, i.e., there is no set of automorphisms of Q(w) whose set of

commeon fixed elements is precisely @. However, one can define the follow-
ing linear maps s, ¢ from Q(w) to itsell by
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s(1)=0, slw)=iw, s(w?)= —dw?,
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The extension L = Q(w) admits a unique Hopf-Galois structure

H. A basis of the underlying Hopf algebra can be written as
{1d, c, s}.

If an element is an eigenvector with respect to a K-basis of H,
then it is an H-eigenvector.
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INTRODUCTION

It is well known that adjoining w= \ﬁ to Q does not give a Galois
extension of @, i.e., there is no set of automorphisms of Q(w) whose set of
commeon fixed elements is precisely @. However, one can define the follow-
ing linear maps s, ¢ from Q(w) to itself by

c(l)=1, c(w)= —iw, w?)= — 1w’

s(1)=0, slw)=iw, s(w?)= —dw?,
Figure: C. Greither, B. Pareigis (1986)

The extension L = Q(w) admits a unique Hopf-Galois structure
H. A basis of the underlying Hopf algebra can be written as
{Id, c, s}.

If an element is an eigenvector with respect to a K-basis of H,
then it is an H-eigenvector.

Therefore, w is an H-eigenvector and L/Q is H-Kummer.
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Let L/K be a separable extension with normal closure L,
G = Gal(L/K) and G’ = Gal(L/L).
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Let L/K be a separable extension with normal closure L,
G = Gal(L/K) and G’ = Gal(L/L).

Definition

L/K is almost classically Galois (a.c.G.) if there is J < G such

that G = J x G'. We will say that M = LY is the complement of
L.
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Let L/K be a separable extension with normal closure L,
G = Gal(L/K) and G’ = Gal(L/L).

Definition

L/K is almost classically Galois (a.c.G.) if there is J < G such

that G = J x G'. We will say that M = LY is the complement of
L.

L%% \J\M
N%
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Let L/K be a separable extension with normal closure L,
G = Gal(L/K) and G’ = Gal(L/L).

Definition

L/K is almost classically Galois (a.c.G.) if there is J < G such

that G = J x G'. We will say that M = LY is the complement of
L.

L Hopf-Galois structures on L/K
a J correspond bijectively to regular
G-stable subgroups of Perm(G/G').

L\GK/M
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Let L/K be a separable extension with normal closure L,
G = Gal(L/K) and G’ = Gal(L/L).

Definition

L/K is almost classically Galois (a.c.G.) if there is J < G such

that G = J x G'. We will say that M = LY is the complement of
L.

L Hopf-Galois structures on L/K

a J correspond bijectively to regular
G-stable subgroups of Perm(G/G').

A: G — Perm(G/ @) left translation.

L G M
\ / N = \(J) is such a subgroup.
K

If J is abelian, the corresponding Hopf-Galois structure will be
called the a.c.G. structure corresponding to M.
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Let L/K be a separable extension with normal closure L,
G = Gal(L/K) and G’ = Gal(L/L).

Definition

L/K is almost classically Galois (a.c.G.) if there is J < G such

that G = J x G'. We will say that M = LY is the complement of
L.

L Hopf-Galois structures on L/K
a J correspond bijectively to regular
G-stable subgroups of Perm(G/G').

A: G — Perm(G/ @) left translation.

L G M
\ / N = \(J) is such a subgroup.
K

If J is abelian, the corresponding Hopf-Galois structure will be
called the a.c.G. structure corresponding to M.

Identifying J =2 A(J), the underlying Hopf algebra is H = M[J]¢.
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If L = K(+v/a) is such that L N K(¢p) = K, then L/K is a.c.G.
with complement M = K(¢p).
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If L = K(+v/a) is such that L N K(¢p) = K, then L/K is a.c.G.
with complement M = K(¢p).

Proposition
Let H be the a.c.G. structure on L/K corresponding to M. Then
a = v/a is an H-eigenvector.
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If L = K(+v/a) is such that L N K(¢p) = K, then L/K is a.c.G.
with complement M = K(¢p).

Proposition
Let H be the a.c.G. structure on L/K corresponding to M. Then
o = v/a is an H-eigenvector.

Sketch of proof: Z/M is @ Kummer extension and a is a
J-eigenvector.
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If L = K(+v/a) is such that L N K(¢p) = K, then L/K is a.c.G.
with complement M = K(¢p).

Proposition
Let H be the a.c.G. structure on L/K corresponding to M. Then
o = v/a is an H-eigenvector.

Sketch of proof: Z/M is a Kummer extension and « is a
J-eigenvector. Since H = M[J]?, elements of H are M-linear
combinations of elements in J.
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If L = K(+v/a) is such that L N K(¢p) = K, then L/K is a.c.G.
with complement M = K(¢p).

Proposition
Let H be the a.c.G. structure on L/K corresponding to M. Then
o = v/a is an H-eigenvector.

Sketch of proof: Z/M is a Kummer extension and « is a
J-eigenvector. Since H = M[J]?, elements of H are M-linear
combinations of elements in J.

Then, given h= >, mi(h)w; € H,
h-a=> m(hw-a=>Y_ mh)Xa=Aha,
i i

where A\(h) = >, mi(h)\; € M.
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If L = K(+v/a) is such that L N K(¢p) = K, then L/K is a.c.G.
with complement M = K(¢p).

Proposition
Let H be the a.c.G. structure on L/K corresponding to M. Then
o = v/a is an H-eigenvector.

Sketch of proof: Z/M is a Kummer extension and « is a
J-eigenvector. Since H = M[J]?, elements of H are M-linear
combinations of elements in J.

Then, given h= >, mi(h)w; € H,
h-a=> m(hw-a=>Y_ mh)Xa=Aha,
i i

where \(h) = 3, mi(h)\; € M. But \(h) = 22 ¢ LN M = K.
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Let L/K be an H-Galois extension. The following statements
are equivalent:

@ LNK(¢h) = K and L/K is simple radical.

@ L/K is an a.c.G. extension with complement K(¢n,) and
admits some primitive element which is an H-eigenvector,
where H is the a.c.G. structure on L/K corresponding to

K(¢n)-
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Let L/K be an H-Galois extension. The following statements
are equivalent:

@ LNK(¢h) = K and L/K is simple radical.
@ L/K is an a.c.G. extension with complement K(¢n,) and

admits some primitive element which is an H-eigenvector,
where H is the a.c.G. structure on L/K corresponding to

K(¢n)-

If L = K(+/a) is such an extension, a primitive element which is
an H-eigenvector is o = V/a.
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Let L = K(J/@r, . .., /@) with LN K(¢a) = K.
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Let L = K(J/@r, . .., /@) with LN K(¢a) = K.

L/K is a.c.G. with complement M = K(¢,) and we can consider
the a.c.G. structure H corresponding to K((p).
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Let L = K(J/@r, . .., /@) with LN K(¢a) = K.

L/K is a.c.G. with complement M = K(¢,) and we can consider
the a.c.G. structure H corresponding to K((p).

Natural question: Is L/K H-Kummer?
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the a.c.G. structure H corresponding to K((p).
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Natural strategy: Work with the simple radical extensions
L; = K(\/a;) and lift the information to their compositums.
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Let L = K(J/@r, . .., /@) with LN K(¢a) = K.

L/K is a.c.G. with complement M = K(¢,) and we can consider
the a.c.G. structure H corresponding to K((p).

Natural question: Is L/K H-Kummer?

Natural strategy: Work with the simple radical extensions
L; = K(\/a;) and lift the information to their compositums.

Setk=2,sothat L= LL,, L; = K("a,-).
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Let L = K(J/@r, . .., /@) with LN K(¢a) = K.

L/K is a.c.G. with complement M = K(¢,) and we can consider
the a.c.G. structure H corresponding to K((p).

Natural question: Is L/K H-Kummer?

Natural strategy: Work with the simple radical extensions
L; = K(\/a;) and lift the information to their compositums.
Setk=2,sothatL=Lil,, L, = K( ¥, a,~).

L

SN

L1 H L2

N
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Let L = K(J/@r, . .., /@) with LN K(¢a) = K.

L/K is a.c.G. with complement M = K(¢,) and we can consider
the a.c.G. structure H corresponding to K((p).

Natural question: Is L/K H-Kummer?

Natural strategy: Work with the simple radical extensions
L; = K(\/a;) and lift the information to their compositums.
Setk=2,sothat L= LL,, L; = K( Y a,~).
L
Let H; be the a.c.G. structure
corresponding to K(¢p,), i € {1,2}.
L1 H L2

N
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Let L = K(J/@r, . .., /@) with LN K(¢a) = K.

L/K is a.c.G. with complement M = K(¢,) and we can consider
the a.c.G. structure H corresponding to K((p).

Natural question: Is L/K H-Kummer?

Natural strategy: Work with the simple radical extensions
L; = K(\/a;) and lift the information to their compositums.

Setk=2,sothat L= LL,, L; = K("a,-).
L

Let H; be the a.c.G. structure
corresponding to K(¢p,), i € {1,2}.
Ly H Lo If oj is an Hj-eigenvector, is aap an

\ / H-eigenvector?
Hy Ho
K
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Let L1/K, Lo/K be a.c.G. extensions.
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Let L1/K, L2/K be a.c.G. extensions.

/\ /\
\/ \/
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Let L1/K, L2/K be a.c.G. extensions.

/\ /\
\/ \/

Is L = LiLs an a.c.G. extension?
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Let L1/K, L2/K be a.c.G. extensions.

/\ /\
\/ \/

Is L = LyL> an a.c.G. extension?
It is easy to see that L = Ly L.
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Let L1/K, L2/K be a.c.G. extensions.

/\ /\
\/ \/

Is L = LyL> an a.c.G. extension?
It is easy to see that L = Ly L.

We need to assume that Ly and L, are K-linearly disjoint.
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Let L1/K, L2/K be a.c.G. extensions.

/\ /\
\/ \/

Is L = LyL> an a.c.G. extension?
It is easy to see that L = Ly L.

We need to assume that Ly and L, are K-linearly disjoint.

This is the condition that the epimorphism
Li @k Lo — LiLo

is an isomorphism.
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Definition

Two linearly disjoint a.c.G. extensions L1/K, Ly /K with
complements My, Mo are said to be strongly disjoint if

LinM, =LnNnM =K.
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Definition

Two linearly disjoint a.c.G. extensions L1/K, Ly /K with
complements My, Mo are said to be strongly disjoint if

LinM, =LnNnM =K.

Proposition

IfL1/K and Ly /K are strongly disjoint a.c.G. extensions with
complements My, M», then L = LyL, is an a.c.G. extension of K
with complement M = My M.
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Definition

Two linearly disjoint a.c.G. extensions L1/K, Ly /K with
complements My, Mo are said to be strongly disjoint if

LinM, =LnNnM =K.

Proposition

IfL1/K and Ly /K are strongly disjoint a.c.G. extensions with
complements My, M», then L = LyL, is an a.c.G. extension of K
with complement M = My M.

Lok M= (L1 @k My)(L1 @k M2)(Lz @Kk M1)(Lo @k Mp)

> [(Ly 9K Mo)(Lo ®x My)
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Definition

Two linearly disjoint a.c.G. extensions L1/K, Ly /K with
complements My, Mo are said to be strongly disjoint if

LinM, =LnNnM =K.

Proposition

IfL1/K and Ly /K are strongly disjoint a.c.G. extensions with
complements My, M», then L = LyL, is an a.c.G. extension of K
with complement M = My M.

Lok M= (L1 @k My)(L1 @k M2)(Lz @Kk M1)(Lo @k Mp)

> [(Ly 9K Mo)(Lo ®x My)

Since My, M2~/K are Galois, strong disjointness gives
L @« I\ﬂj — L.
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y GX L,-CV GXM,-
N N

There is an embedding G — G; x Go, by which
G — G, x G, J—Jixdo.

Since L1/K and L, /K are linearly disjoint, J = J; x Js.
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y G\J\ L,-CV GXM,-
NS N

There is an embedding G — G; x Go, by which
G — G, x G, J—Jixdo.

Since L1/K and L, /K are linearly disjoint, J = J; x Js.

Hopf-Galois structures on L/K: Regular subgroups of
Perm(G/G’) normalized by \: G — Perm(G/G').

Daniel Gil Muiioz Kummer theory for Hopf-Galois extensions



y G\J\ L,-CV GXM,-
NS N

There is an embedding G — G; x Go, by which
G — G, x G, J—Jixdo.

Since L1/K and L, /K are linearly disjoint, J = J; x Js.

Hopf-Galois structures on L/K: Regular subgroups of
Perm(G/G’) normalized by \: G — Perm(G/G').

Hopf-Galois structures on L;/K: Regular subgroups of
Perm(G;/Gj) normalized by \;: G; — Perm(G;/G)).
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Strategy: To factorize X through Perm(G1/G)) x Perm(G2/G5).
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Strategy: To factorize X through Perm(G1/G)) x Perm(G2/G5).

G — Perm(Gy/G)) x Perm(Gz/G,) — Perm(G/G')
g — (A1(91), A2(92))
(¢1,2) — ?
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Strategy: To factorize X through Perm(G1/G)) x Perm(G2/G5).

G — Perm(Gy/G)) x Perm(Gz/G,) — Perm(G/G')
g — (A1(91), A2(92))
(¢1,2) — ?

There is a bijection

b G/ — Gi/G,x Go/G)
919G — (091G}, 9:G})
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Strategy: To factorize X through Perm(G1/G)) x Perm(G2/G5).

G — Perm(Gy/G)) x Perm(Gz/G,) — Perm(G/G')
g — (A1(91), A2(92))
(¢1,2) — ?

There is a bijection

b G/ — Gi/G,x Go/G)
919G — (091G}, 9:G})

Then there is a well defined map
v: Perm(Gy/G}) x Perm(Go/G,) — Perm(G/G).

It is easy to check that « is a monomorphism.
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Proposition

If N; is a regular subgroup of Perm(G;/G}) normalized by \;(G;)
forevery i € {1,2}, then N = «(Ny x Np) is a regular subgroup
of Perm(G/G') normalized by \(G).
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Proposition

If N; is a regular subgroup of Perm(G;/G}) normalized by \;(G;)
forevery i € {1,2}, then N = «(Ny x Np) is a regular subgroup
of Perm(G/G') normalized by \(G).

Definition

Let H; = L;[N;]% be a Hopf-Galois structure on Li/K, i € {1,2}.
The Hopf-Galois structure H = L[N]€ on L/K will be called the
product Hopf-Galois structure of Hy and Ho.
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The name of this new object is justified by the following.
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The name of this new object is justified by the following.

Proposition
Let H be the product Hopf-Galois structure of Hy and H,. Then:

1. H= H; ®k H» as K-algebras.
2. Ifhj € Hiand a; € L; fori € {1,2}, then

(h1h2) - (anaz) = (h1 - aq)(hz2 - a2).
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The name of this new object is justified by the following.

Proposition
Let H be the product Hopf-Galois structure of Hy and H,. Then:

1. H= H; ®k H» as K-algebras.
2. Ifhj € Hiand a; € L; fori € {1,2}, then

(h1h2) - (anaz) = (h1 - aq)(hz2 - a2).

Let py,: Hi — Endy(L;) and py: H — Endk(L) be the actions
of Hyon L; for i € {1,2} and of H on L, respectively. Then

PH = PH; @K PH,-
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Let H be the product Hopf-Galois structure of Hy and Ho.
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Let H be the product Hopf-Galois structure of Hy and Ho.

Proposition

If «j is an H;-eigenvector fori € {1,2}, then a1z is an
H-eigenvector.
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Let H be the product Hopf-Galois structure of Hy and Ho.

Proposition

If «j is an H;-eigenvector fori € {1,2}, then a1z is an
H-eigenvector.

Proposition

Let M; be the complement of L;/K and let M = MyM.. If H; is
the a.c.G. structure on L;/K corresponding to M;, then H is the
a.c.G. structure on L/K corresponding to M.
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We will call an extension strongly decomposable if it is a
compositum of strongly disjoint extensions.
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We will call an extension strongly decomposable if it is a
compositum of strongly disjoint extensions.

Let L/K be a strongly decomposable H-Galois extension. The
following statements are equivalent:

@ LNK(¢h) = K and L/K is radical.
@ L/K is an a.c.G. extension with complement K(¢,) and

L/K is H-Kummer, where H is the a.c.G. extension on L/K
corresponding to K((p).

v
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We will call an extension strongly decomposable if it is a
compositum of strongly disjoint extensions.

Let L/K be a strongly decomposable H-Galois extension. The
following statements are equivalent:

@ LNK(¢h) = K and L/K is radical.
@ L/K is an a.c.G. extension with complement K(¢,) and

L/K is H-Kummer, where H is the a.c.G. extension on L/K
corresponding to K((p).

v

If L= K(y/ai,...,/ak) is such an extension, a finite generating
set of H-eigenvectors is {V/ay, ..., V/ax}.
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Let L/K be an H-Galois extension of number or p-adic fields.
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Let L/K be an H-Galois extension of number or p-adic fields.

L—O,

K—— Ok

H
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Let L/K be an H-Galois extension of number or p-adic fields.

L—-o0, Associated order of O, in H:
Ay={heHlh-O c O

K—— Ok

H
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Let L/K be an H-Galois extension of number or p-adic fields.

L O Associated order of O in H:
y Ay={heHlh-O c O
K—— 0k Is O, free as Ay-module?

Daniel Gil Muiioz Kummer theory for Hopf-Galois extensions



Let L/K be an H-Galois extension of number or p-adic fields.

L O Associated order of O in H:
9 Ay={he Hlh-O c O
K—— 0k Is O, free as Ay-module?

Assume that there is an Ok-basis of O, which in addition is a
K-basis of H-eigenvectors for L. Then O, is 2Ay-free.
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Let L/K be an H-Galois extension of number or p-adic fields.

L O Associated order of O in H:
9 Ay={he Hlh-O c O
K—— 0k Is O, free as Ay-module?

Assume that there is an Ok-basis of O, which in addition is a
K-basis of H-eigenvectors for L. Then O, is 2Ay-free.

V

Let L = Q(w), w = v2. We have seen that {1,w,w?} are
H-eigenvectors of L.
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Let L/K be an H-Galois extension of number or p-adic fields.

L O Associated order of O in H:
9 Ay={he Hlh-O c O
K—— 0k Is O, free as Ay-module?

Assume that there is an Ok-basis of O, which in addition is a
K-basis of H-eigenvectors for L. Then O, is 2Ay-free.

V

Let L = Q(w), w = v2. We have seen that {1,w,w?} are
H-eigenvectors of L. In addition, it is an integral basis of L.
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Let L/K be an H-Galois extension of number or p-adic fields.

L O Associated order of O in H:
9 Ay={he Hlh-O c O
K—— 0k Is O, free as Ay-module?

Assume that there is an Ok-basis of O, which in addition is a
K-basis of H-eigenvectors for L. Then O, is 2Ay-free.

V

Let L = Q(w), w = v2. We have seen that {1,w,w?} are
H-eigenvectors of L. In addition, it is an integral basis of L.
Then, Oy is Ay-free.
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Proposition

Let L = K(+/a) be a simple radical extension such that
LN K(¢y) = K and O = Ok[v/a). Then Oy is Ay-free, where H
is the a.c.G. structure corresponding to K(¢p).
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Proposition

Let L = K(+/a) be a simple radical extension such that
LN K(¢y) = K and O = Ok[v/a). Then Oy is Ay-free, where H
is the a.c.G. structure corresponding to K(¢p).

If K = Q, a sufficient condition is that a° # a(mod p?) for every
prime p | n (Gassert).
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Proposition

Let L = K(+/a) be a simple radical extension such that
LN K(¢y) = K and O = Ok[v/a). Then Oy is Ay-free, where H
is the a.c.G. structure corresponding to K(¢p).

If K = Q, a sufficient condition is that a° # a(mod p?) for every
prime p | n (Gassert).

Let L = Q(+/a) be such that LN Q(¢,) = Q and aP # a(mod p?)
for every prime divisor p of n. Then O is A y-free.
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Module structure over the product Hopf-Galois structure:
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Module structure over the product Hopf-Galois structure:

Proposition

LetLy/K and Ly /K be strongly and arithmetically disjoint a.c.G.
extensions. Let H be the product Hopf-Galois structure on L/ K
from Hopf-Galois structures H; on L;/K.

If Oy, is Ay -free for all i € {1,2}, then O is Ay-free.
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Module structure over the product Hopf-Galois structure:

Proposition

LetLy/K and Ly /K be strongly and arithmetically disjoint a.c.G.
extensions. Let H be the product Hopf-Galois structure on L/ K
from Hopf-Galois structures H; on L;/K.

If Oy, is Ay -free for all i € {1,2}, then O is Ay-free.

Proposition

LetL = K(%/ai,..., Wax) and call L = K( %/a;). Assume:
@ LiNnK(¢y) =K forevery1 <i<k.
@ L;/K and L;/K are strongly and arithmetically disjoint.
@ O, = Okl[¥/a] forevery1 < i< k.

Then Oy is Ay-free.
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Thank you for your attention
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